We characterize meromorphic function fields closed by partial derivatives in n variables.
Introduction
Weierstrass' theorem says that a meromorphic function f on C admits an algebraic addition theorem if and only if it is an elliptic function or a degenerate elliptic function. Such a function f has another characterization that it is a solution of a Briot-Bouquet differential equation. We define K := C(f, f ′ ) by a solution f of a Briot-Bouquet differential equation. Then K is closed by derivative.
Let M(C) be the field of meromorphic functions on C, and let K be a subfield of M(C) which is finitely generated over C and has the transcendence degree Trans C K = 1. We can characterize K which is closed by derivative, by Weierstrass' theorem and the Briot-Bouquet theorem (see Theorem 1 for the precise statement).
Our main result is its generalization to the multidimensional case. In Theorem 4 we give a characterization of subfields of M(C n ) which are closed by partial derivatives, where M(C n ) is the field of meromorphic functions on C n . We recently showed in [3] that any quasi-abelian variety is isogenous to a product of geometrically simple quasi-abelian subvarieties. Using the properties of meromorphic function fields closed by partial derivatives, we show that the above decomposition of a quasi-abelian variety is unique up to isogeny if it is of kind 0 in the last section.
Briot-Bouquet differential equations
The following differential equation is called a Briot-Bouquet differential equation;
where P is an irreducible polynomial. Every meromorphic solution f on C of the above equation is an elliptic function or a degenerate elliptic function. This result was first published by Briot and Bouquet [6] . Conversely, it is well known that an elliptic function or a degenerate elliptic function satisfies (2.1) for some P . Later, higher order Briot-Bouquet differential equations were studied. Finally, Eremenko, Liao and Ng [7] proved that a similar result holds for any order Briot-Bouquet differential equations. We refer to [7] for these equations.
Another important property of elliptic functions or degenerate elliptic functions is Weierstrass' theorem. We say that f ∈ M(C) admits an algebraic addition theorem if there exists an irreducible polynomial P such that P (f (ζ + η), f (ζ), f (η)) = 0 (2.2) for all ζ, η ∈ C. It is abbreviated to (AAT * ). Combining the Briot-Bouquet theorem with Weierstrass' theorem, we obtain the following statement:
The following three conditions are equivalent for a meromorphic function f on C; (i) f is a solution of some Briot-Bouquet differential equation, (ii) f admits an algebraic addition theorem, (iii) f is an elliptic function or a degenerate elliptic function.
We reconsider this property for subfields of M(C). For a subfield K ⊂ M(C) we consider the following condition (T) concerning the transcendence degree.
(T) K is finitely generated over C and Trans C K = 1.
If K satisfies the condition (T), then we may write K = C(f 0 , f 1 ) by some functions f 0 , f 1 ∈ K. Definition 1. Let K = C(f 0 , f 1 ) be a subfield of M(C) satisfying the condition (T). We say that K admits an algebraic addition theorem (it is abbreviated to (AAT)) if for any j = 0, 1 there exists a rational function R j such that
It is easily checked by an elementary algebraic argument that the above definition does not depend on the choice of generators f 0 , f 1 of K. Lemma 1. Let K be a subfield of M(C) satisfying the condition (T). If any f ∈ K admits (AAT * ), then there exists an algebraic extension K of K such that K admits (AAT).
Definition 3.
A subfield K of M(C) is said to be a W-type subfield if K is one of the following three cases; (i) K is an elliptic function field, (ii) K = C(e αζ ) for some α ∈ C * , (iii) K = C(ζ).
We obtain the following theorem as a consequence of the Briot-Bouquet theorem and Weierstrass' theorem. We will give its proof after stating some results in the case of n variables. 
Theorem 1 is generalized to the n-dimensional case (see Theorem 4) . It is our purpose in this paper.
Algebraic addition theorem
Weierstrass had frequently stated the following in his lectures at Berlin (see [8] ): Every system of n (independent) functions in n variables which admits an addition theorem is an algebraic combination of n abelian (or degenerate abelian) functions with the same periods.
However, he had never published his proof of the above statement. We did not have clear concept of degenerate abelian functions untill quite recently. The precise meaning of Weierstrass' statement became clear in [1] and [2] . We also obtained the explicit representation of degenerate abelian functions in [2] . We recall some results which are needed in our arguments.
Let K be a subfield of M(C n ). We consider the following condition (T) as in the case n = 1.
(T) K is finitely generated over C and Trans C K = n.
If K satisfies the condition (T), then we can take
satisfying the condition (T). We say that K admits an algebraic addition theorem (it is also abbreviated to (AAT)) if for any j = 0, 1, . . . , n there exists a rational function R j such that
for all z, w ∈ C n .
The above definition does not depend on the choice of generators f 0 , f 1 , . . . , f n of K.
A toroidal group is a connected complex Lie group without non-constant holomorphic function. It is well known that toroidal groups are commutative.
Then every toroidal group is written as C n /Γ, where Γ is a discrete subgroup of C n with rank Γ = n + m, 1 ≦ m ≦ n. We denote by R n+m Γ the real linear subspace generated by Γ. The maximal complex linear subspace contained in R n+m Γ has the complex dimension m. It is written as
n+m Γ . When rank Γ = n + m, a toroidal group C n /Γ has the structure of principal (C * ) n−m -bundle ρ : C n /Γ −→ T over an m-dimensional complex torus T. Replacing fibers (C * ) n−m with (P 1 ) n−m , we obtain the associated (P 1 ) n−m -bundle ρ : C n /Γ −→ T. We call C n /Γ the standard compactification of a toroidal group C n /Γ. A toroidal group C n /Γ is called a quasi-abelian variety if there exists a hermitian form H on C n such that
The above hermitian form H is said to be an ample Riemann form for C n /Γ. We denote by A Γ the restriction of
. If H is an ample Riemann form for a quasi-abelian variety C n /Γ, then rankA Γ = 2(m+k), 0 ≦ 2k ≦ n−m. In this case we say that the ample Riemann form H is of kind k. We defined the kind of a quasi-abelian variety C n /Γ by the smallest kind of ample Riemann forms for C n /Γ ( [5] ). A quasi-abelian variety C n /Γ with rank Γ = n + m is of kind 0 if and only if it is a principal (C
By the Remmert-Morimoto theorem any connected commutative complex Lie group X of dimension n is represented as
where C r /Γ 0 is a toroidal group and p + q + r = n. By the standard compactification C r /Γ 0 of C r /Γ 0 we obtain a compactification
of X. It is also called the standard compactification of X. Every subfield K of M(C n ) with period Γ can be identified with a subfield of M(X) by the canonical projection from C n onto X, where M(X) is the field of meromorphic functions on X. Let M(X) be the field of meromorphic functions on X. We denote by M(X)| X the restriction of M(X) onto X.
q × Q with an r-dimensional quasi-abelian variety Q of kind 0 and X is the standard compactification of X.
The following theorem is proved in [1] and [2] . Theorem 2. Let K be a subfield of M(C n ) satisfying the condition (T). If K admits (AAT), then K is a subfield of a W-type subfield.
Later we improve the above theorem in Theorem 3.
D-closed subfields
Let (z 1 , . . . , z n ) be complex coordinates of C n . We consider the following system of Briot-Bouquet type partial differential equations for meromorphic functions f 1 , . . . , f n ∈ M(C n ) which are algebraically independent over C:
For any i, j = 1, . . . , n there exists an irreducible polynomial P ij such that
if ∂f i /∂z j is not constant.
Proof. We identify K with a subfield of M(X)| X , where X = C p × (C * ) q × Q with an r-dimensional quasi-abelian variety Q of kind 0, n = p + q + r and X is the standard compactification of X. We can take complex coordinates
where
. . , f n ∈ K be algebraically independent. Changing f 1 by a polynomial of f 1 if necessary, we may assume that ∂f 1 /∂z k is not constant and ∂f 1 /∂z k = f 1 for some k. Functions z i , f 1 , . . . , f n are algebraically dependent for any i = 1, . . . , p. Then there exists an irreducible polynomial P such that
Furthermore, there exists another irreducible polynomial Q such that
. . , f n are also algebraically dependent. Therefore we have a representation
where R is a rational function. Hence we have z i ∈ K. By the same argument we obtain e zp+i ∈ K for i = 1, . . . , q and g i ∈ K for i = 0, 1, . . . , r. Thus we
Let f 1 , . . . , f n ∈ M(C n ) be meromorphic functions which are algebraically independent over C and solutions of a system of Briot-Bouquet type partial differential equations (4.1). We define
Then K obviously satisfies the condition (T). In this case, we say that K is determined by solutions f 1 , . . . , f n of a system of Briot-Bouquet type partial differential equations. We see at once the following lemma by (4.1).
Proof. It suffices to show
Differentiating the above equation by z k , we obtain
We improve Theorem 2 in the following theorem by the same argument in the proof of Proposition 1.
. Then the following statements are equivalent.
Proof. It is well known that (2) implies (1) .
Assume that the statement (1) holds. By Theorem 2 we have K ⊂ M(X)| X , where X, X and M(X) are the same in the proof of Proposition 1. Let K = C(f 0 , f 1 , . . . , f n ). We may assume that f 1 , . . . , f n are algebraically independent.
. . , f n (w) are algebraically dependent for any i = 1, . . . , p. Then there exists an irreducible polynomial P such that
We also have another irreducible polynomial Q such that
By (4.4) and (4.5) we obtain
where R is a rational function. By the assumption we have
Then z i ∈ K. Similarly, we obtain e zp+i ∈ K for i = 1, . . . , q and g i (z ′′ ) ∈ K for i = 0, 1, . . . , r. Therefore K = M(X)| X .
Algebraic extension
Let f ∈ M(C n ). We define the period group Γ f of f by
Proof. Let f 1 , . . . , f n ∈ K be algebraically independent. Since f 1 , . . . , f n , f are algebraically dependent, there exists an irreducible polynomial P (X 1 , . . . , X n , Y ) with P Y = 0 such that
We denote by A the union of all such A k,ℓ . Then A is an analytic set of C n with dim A = n − 1. Therefore we have an open subset U of C n such that f (z + kγ) = f (z + ℓγ) for all z ∈ U and all k, ℓ ∈ Z with (k, k 0 ) = 1, (ℓ, k 0 ) = 1 and k = ℓ. Let N be the degree of P with respect to Y . By (5.1) we have
for all z ∈ U and all k ∈ Z. The number of solutions of P (f 1 (z), . . . , f n (z), Y ) = 0 is at most N . Then, for any fixed z ∈ U there exists a pair (k, ℓ) of integers k and ℓ with (k, k 0 ) = 1, (ℓ, k 0 ) = 1 and k = ℓ such that f (z + kγ) = f (z + ℓγ). This is a contradiction. Then we conclude
Proof. We identify K with M(X)| X , where X, X and M(X) are the same in the proof of Proposition 1. We may write as follows:
It is sufficient to show K ⊂ M(X)| X . We assume that there exists g ∈ K such that g is not meromorphically extendable to X. Let f 1 , . . . , f n ∈ K be algebraically independent. Then there exists an irreducible polynomial
Since g is not meromorphically extendable to X, it has an essential singularity a ∈ X \ X. Let rank Γ 0 = r+s (1 ≦ s ≦ r). Then X is a fiber bundle ρ : X −→ A over an s-dimensional abelian variety A with fibers (
We set x 0 := ρ(a) ∈ A. We take coordinates (w 1 , . . . , w p , w p+1 , . . . , w p+q , w p+q+1 , . . . , w n−s ) on a fiber ρ
. . , a n−s ) in these coordinates, where ε = 0 or ∞. We set a ′ := (a 1 , . . . , a k−1 , a k+1 , . . . , a n−s ).
We may assume a ′ ∈ C n−s−1 , because the essential singularities of g is not discrete. Put
Then L a ′ is a complex line in ρ −1 (x 0 ) and g| L a ′ (w k ) has an essential singularity at w k = ε. Changing a if necessary, we may further assume that L a ′ is not contained in both the zero set of A j (f 1 , . . . , f n ) and the polar set of A j (f 1 , . . . , f n ) for all j = 0, 1, . . . , N . In this case, w k = ε is a holomorphic point or a pole of
We have the following possibilities.
We may assume A N (f 1 , . . . , f n )| L a ′ (ε) = 0 in the case (i). Let i 1 , . . . , i ℓ with 0 ≦ i 1 < · · · < i ℓ ≦ N be all i possessing the property in the case (ii). We denote by k µ the order of pole of A iµ (f 1 , . . . , f n )| L a ′ at w k = ε for all µ = 1, . . . , ℓ. We set m := 0 in the case (i), max{k 1 , . . . , k ℓ } in the case (ii), and
By the definition of m, w
. . , N , where ± is determined according to ε = 0 or ∞. Then, we have
as w k → ε, where P 0 (Y ) is a polynomial of degree N 0 . Take c ∈ C such that c is neither a solution of P 0 (Y ) = 0 nor an exceptional value of g| L a ′ at w k = ε. Then there exists a sequence {w (ν) } ⊂ L a ′ with w (ν) → a such that g(w (ν) ) = c by Picard's big theorem. It follows from (5.2) that
Letting ν → ∞, we obtain P 0 (c) = 0 by (5.3). This contradicts the choice of c. Therefore, any g ∈ K is meromorphically extendable to X.
We are in a position to prove Theorem 1.
Proof of Theorem 1. (4) ⇒ (3). Assume that (4) holds. It is well known that K admits (AAT). (3) ⇒ (2). We assume that K = C(f 0 , f 1 ) admits (AAT). For any i = 0, 1 there exists R ∈ C(X 1 , X 2 , X 3 , X 4 ) such that
for ζ, η ∈ C. Differentiating the above equality by η, we obtain
If we set η = 0, then we have f
. Then K 0 is a subfield of a W-type subfield by the BriotBouquet theorem. Since K 0 is closed by derivative, K 0 is a W-type subfield by Proposition 1. By Proposition 2 we obtain K = K 0 , because K/K 0 is an algebraic extension. ✷
Main theorem
We cannot generalize Theorem 1 to the multidimensional case without additional conditions. A subfield K of M(C n ) is said to be nondegenerate if for any (n − 1)-dimensional complex linear subspace V of C n there exists f ∈ K such that f does not degenerate on V . We first give an example which shows that subfields must be nondegenerate. Example 1. We define f (z) := z 1 and g(z) := e z 2 1 for z = (z 1 , z 2 ) ∈ C 2 . Put K := C(f, g). Then K satisfies the condition (T) as a subfield of M(C 2 ). It is obviously D-closed. However it is not a W-type subfield.
Furthermore, the next example shows that another condition is needed. z2 for z = (z 1 , z 2 ) ∈ C 2 . If we set K := C(f, g), then K satisfies the condition (T). It is nondegenerate and D-closed, but not a W-type subfield.
Let K be a nondegenerate subfield of M(C n ), and let Γ K be the period group of K. Then we have the projection σ K :
By the Remmert-Morimoto theorem we have
where C r /Γ 0 is a toroidal group with rank Γ 0 = r+s and n = p+q+r. From the structure of fiber bundle ρ 0 : C r /Γ 0 −→ T over an s-dimensional complex torus T with fibers (C * ) r−s , we obtain a fiber bundle ρ K : C n /Γ K −→ T with fibers Proof. By Definition 5 we may write K = σ * M(X)| X , where X = C p ×(C * ) q ×Q and σ : C n −→ X is the projection. An r-dimensional quasi-abelian variety Q = C r /Γ 0 of kind 0 is a fiber bundle ρ 0 : Q −→ A over an s-dimensional abelian variety A, where rank Γ 0 = r + s. Then we have a fiber bundle ρ : X −→ A with fibers
is a factor of a fiber ρ −1 (a) for some a ∈ A. Then, it is obvious that Trans C K| L = 1 by the definition of M(X)| X .
The following theorem is a generalization of Theorem 1. When n = 1, we cannot recognize the condition (D), because it is meaningless in this case. Proof. The equivalence of (3) and (4) is Theorem 3.
Let K be a W-type subfield. Then it satisfies the condition (D) by Proposition 3. Take algebraically independent functions f 1 , . . . , f n ∈ K. Obviously, they are solutions of a system of Briot-Bouquet type partial differential equations. Let K 0 be a subfield determined by f 1 , . . . , f n , i.e.
Then K 0 is a D-closed subfield of K by Lemma 2. By Proposition 1 we obtain K = K 0 . Hence, (4) implies (1). If (1) is satisfied, then (2) holds by Lemma 2. Therefore, it is sufficient to show (2) ⇒ (4). We set
Assume k 1 < n. Then there exists f 2 ∈ K which is transcendental over K 1 . We define
Then K 2 is also D-closed. Let k 2 = Trans C K 2 . If k 2 < n, then there exists f 3 ∈ K which is transcendental over K 2 . Using f 3 , we define a D-closed subfield K 3 as above. Repeating this procedure, we finally obtain a D-closed subfield K m with Trans C K m = n. In this case K/K m is an algebraic extension.
Let Γ and Γ m be the period groups of K and K m respectively. Any f in K is algebraic over K m . Then Γ m ⊂ Γ f by Lemma 3. Hence we have Γ m ⊂ Γ. By K ⊃ K m we have Γ ⊂ Γ m . Therefore we obtain Γ = Γ m . Since K is nondegenerate, Γ is a discrete subgroup of C n . We set X := C n /Γ. We may write
where C r /Γ 0 is a quasi-abelian variety and n = p + q + r. Let rank Γ 0 = r + s. Then C r /Γ 0 is a fiber bundle ρ 0 : C r /Γ 0 −→ T over an s-dimensional complex torus T with fibers (C * ) r−s . Therefore, X is a fiber bundle ρ :
The standard compactification X of X is the associated (P 1 ) p+q+r−s -bundle ρ : X −→ T. Let σ : C n −→ X be the projection. Then there exists a subfield κ of M(X) such that K = σ * κ. We show κ ⊂ M(X)| X . It suffices to show that every ϕ ∈ κ is meromorphically extended to a compactification (
q+r−s for any t ∈ T. Let C be a factor of ρ −1 (t) for t ∈ T. We set
Hence K| L is a W-type subfield by Theorem 1. Then κ| C is meromorphically extended to
On the other hand, we have Trans C K = n. Then we obtain Trans C K = Trans C M(X) = n. Therefore, X is projective algebraic. Hence C r /Γ 0 is a quasi-abelian variety of kind 0 ( [2] ). Since σ * M(X)| X is a W-type subfield and K is D-closed, we obtain K = σ * M(X)| X by Proposition 1.
Abelian function fields
Let X = C n /Γ be a quasi-abelian variety of kind 0 with rank Γ = n + m. Then it has the structure of principal (C * ) n−m -bundle ρ : X −→ A over an m-dimensional abelian variety A. Let σ : C n −→ X be the projection, and let X be the standard compactification of X. Then X determines a W-type subfield K(X) := σ * M(X)| X . In this case K(X) contains an abelian function field K(A) := σ * (ρ * M(A)). We note that A is uniquely determined, because the maximal complex linear subspace C m Γ contained in R n+m Γ is unique. We study such abelian function fields contained in W-type subfields.
First we consider a simple abelian variety A = C n /Γ. Then we have K(A) = σ * M(A), where σ : C n −→ A is the projection. We note that any non-constant function in K(A) does not degenerate, because non-zero theta functions for a simple abelian variety are nondegenerate.
Proof. Let k := Trans C K 0 . If k = n, then K 0 is a D-closed subfield satisfying the condition (T). Therefore, we have K 0 = K(A) by Proposition 1.
Let k < n. Assume 1 ≦ k. Then we can take algebraically independent functions f 1 , . . . , f k ∈ K 0 . Since K 0 is D-closed, we have ∂f i /∂z j ∈ K 0 for all i = 1, . . . , k and j = 1, . . . , n. If ∂f i /∂z j is constant, then f i = cz j + g, where g is a meromorphic function not depending on z j and c ∈ C. However, f i has the period Γ. Then c = 0. Therefore f i is degenerate. This contradicts the fact noted above. Hence, ∂f i /∂z j is not constant. Then there exists an irreducible polynomial P ij such that
Taking a suitable (c 1 , . . . , c k ) ∈ C k , we set
We have an irreducible component N 0 of N with dim N 0 = n − k. Since the number of solutions of P ij (X, c 1 , . . . , c k ) = 0 is finite, ∂f i /∂z j is constant on N 0 by (7.1) and the continuity of ∂f i /∂z j . Let ∂f i /∂z j = c ij on N 0 . We take a regular point x 0 of N 0 . Changing the order of coordinates (z 1 , . . . , z n ) if necessary, we may assume that
By the implicit function theorem there uniquely exist holomorphic functions ϕ 1 , . . . , ϕ k on a neighbourhood U of b 0 such that
for z ′′ ∈ U and ϕ(b 0 ) = a 0 , where ϕ = (ϕ 1 , . . . , ϕ k ). Differentiating the equations (7.2) by z k+j , we obtain
We set C := (c ij ) i,j=1,...,k and D := (c i,k+j ) i=1,...,k;j=1,...,n−k . Since ∂f i /∂z j ≡ c ij on N 0 , it follows from the equations (7.3) that
Then ϕ i is a linear polynomial for i = 1, . . . , k. Therefore, ϕ = (ϕ 1 , . . . , ϕ k ) is extended to C n−k as an affine mapping. By the uniqueness theorem we obtain ϕ(C n−k ) ⊂ N 0 . This contradicts the fact that any non-constant function in K(A) is not degenerate. Hence we have k = 0 and K 0 = C. Lemma 4. Let A 1 = C n /Γ 1 and A 2 = C n /Γ 2 be abelian varieties. If there exists an isogeny ϕ :
is the linear extension of ϕ.
Any abelian variety is isogenous to a product of simple abelian varieties. .
Let X = C n /Γ be a quasi-abelian variety of kind 0 with rank Γ = n + m. It is a principal (C * ) n−m -bundle ρ : X −→ A over an m-dimensional abelian variety A. This bundle is given by the projection from C n onto C m Γ . We consider another quasi-abelian variety Y = C n /Λ of kind 0. If X and Y are isogenous, then rank Λ = n + m. In this case, Y is also a principal (C * ) n−m -bundle µ : Y −→ B over an m-dimensional abelian variety B.
Lemma 6. We assume that X = C n /Γ and Y = C n /Λ are isogenous quasiabelian varieties of kind 0. Let A and B be abelian varieties determined by X and Y as above, respectively. Then A and B are isogenous. Furthermore, an isogeny between A and B is given by the linear extension Φ : 
Decomposition
We recently showed in [3] that any quasi-abelian variety is isogenous to a product of geometrically simple quasi-abelian subvarieties. Here we say that a toroidal group is geometrically simple if it does not contain a closed toroidal subgroup apart from itself and zero (Definition 1 in [3] ). Unfortunately, we do not have a proof for the uniqueness of such a product up to isogeny yet. Because proofs of the corresponding fact in the case of abelian varieties are not applicable in our setting. We give its proof in this section using meromorphic function fields.
Let V 1 and V 2 be finite dimensional complex linear spaces. We denote by M(V 1 ) and M(V 2 ) the fields of meromorphic functions on V 1 and V 2 respectively. Definition 7. Let K 1 and K 2 be subfields of M(V 1 ) and M(V 2 ) respectively. We say that K 1 and K 2 are equivalent if there exists an injective complex linear mapping Φ :
In this case we write
The following proposition is a generalization of Lemma 4.
Proposition 5. Let X 1 and X 2 be quasi-abelian varieties of kind 0. Then K(X 1 ) ∼ = K(X 2 ) if and only if X 1 and X 2 are isogenous.
Therefore, we may write X i = C n /Γ i for i = 1, 2, where Γ i is a discrete subgroup of C n . By the assumption there exists an isomorphism Φ : C n −→ C n such that K(X 1 ) = Φ * K(X 2 ). Since the period groups of K(X 1 ) and K(X 2 ) are Γ 1 and Γ 2 respectively, we have Φ(Γ 1 ) ⊂ Γ 2 . Then rank Φ(Γ 1 ) ≦ rank Γ 2 . If rank Φ(Γ 1 ) < rank Γ 2 , then there exists γ 2 ∈ Γ 2 such that γ 2 does not belong to the Q-span of Φ(Γ 1 ). Put γ := Φ −1 (γ 2 ). For any
for any z ∈ C n . Then we obtain γ ∈ Γ 1 , hence γ 2 = Φ(γ) ∈ Φ(Γ 1 ). This is a contradiction. Therefore rank Φ(Γ 1 ) = rank Γ 2 . Hence Φ gives an isogeny ϕ :
Conversely, we assume that there exists an isogeny ϕ : X 1 −→ X 2 . Let Φ : C n −→ C n be the linear extension of ϕ. Then, Φ is an isomorphism and Φ(Γ 1 ) ⊂ Γ 2 with rank Φ(Γ 1 ) = rank Γ 2 . We set n + m := rank Γ 1 = rank Γ 2 . There exist (n + m)-dimensional real linear subspaces W 1 and W 2 such that 
. . , n − m. For any a 1 ∈ A 1 we have coordinates (e(ζ 1 ), . . . , e(ζ n−m )) and (e(η 1 ), . . . , e(η n−m )) on ρ
respectively, where we set e( * ) = exp(2π
Therefore, ϕ| ρ −1 1 (a1) is extended as a meromorphic mapping from (P 1 ) n−m onto
is a Wtype subfield, we obtain K(X 1 ) = Φ * K(X 2 ) by Proposition 1. This completes the proof.
Lemma 7. We assume that a quasi-abelian variety X of kind 0 has a closed geometrically simple quasi-abelian subvariety X 1 = C n1 /Γ 1 of kind 0. Let A 1 be the abelian variety over which X 1 is a principal (C * ) n1−m1 -bundle, where rank Γ 1 = n 1 + m 1 . Then we have
is not constant}.
Proof. The statement follows from the representation of functions in M(X 1 ), where X 1 is the standard compactification (see Section 5 in [2] ).
Lemma 8. Let X = C n /Γ be a toroidal group with rank Γ = n + m, which is a (C * ) n−m -bundle ρ : X −→ T over an m-dimensional complex torus T. If X is geometrically simple, then T is simple.
Proof. Suppose that T is not simple. Then there exists a non-zero proper subtorus T 0 . Let k := dim T 0 . Then ρ −1 (T 0 ) is a closed complex Lie subgroup of X with dim ρ −1 (T 0 ) = k + n − m. By the Remmert-Morimoto theorem we have
where X 0 is an r-dimensional toroidal group and p + q + r = k + n − m. Since the maximal dimension of a closed Stein subgroup contained in X is n − m (Proposition 1.1.17 in [4] ), we have p + q ≦ n − m. Then we obtain r ≧ k. On the other hand, we have r ≦ k + n − m < n. Then X 0 is a non-trivial closed toroidal subgroup of X. This contradicts our assumption. Since V i = Φ −1 (W i ) and V i = Φ −1 ( W i ), we obtain K(X i ) = Φ * K(Y i ). This completes the proof.
Any quasi-abelian variety X of kind 0 is isogenous to a product X 1 ×· · ·×X k of geometrically simple quasi-abelian subvarieties X 1 , . . . , X k of kind 0 (Theorem 3 in [3] ). Then K(X) ∼ = K(X 1 × · · · × X k )
by Proposition 6. We assume that X is isogenous to another product Y 1 × · · · × Y ℓ of geometrically simple quasi-abelian varieties Y 1 , . . . , Y ℓ of kind 0. Then
. By Theorem 5 we obtain k = ℓ and K(X i ) ∼ = K(Y i ) for i = 1, . . . , k. Hence, X i and Y i are isogenous by Proposition 6. Then the decomposition X 1 × · · · × X k of X is unique up to isogeny.
